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Abstract
The strongly interacting 4d N = 2 SCFTs of type (An, Am) are the simplest examples of models in the 
(G, G′) class introduced by Cecotti, Neitzke, and Vafa in arXiv:1006.3435. These systems have a known 
3d N = 4 mirror only when n + 1 divides m + 1. By 4d/2d correspondence, we show that in this case these 
systems have a nontrivial global flavor symmetry group, and, therefore, a non-trivial Higgs branch. As an 
application of the methods of arXiv:1309.2657, we then compute the refined Hilbert series of the Coulomb 
branch of the 3d mirror for the simplest models in the series. This equals the refined Hilbert series of the 
Higgs branch of the (An, Am) SCFT, providing interesting information about the Higgs branch of these 
non-lagrangian theories.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
Let us denote by An(X, Y) ≡ Xn+1 + Y 2 the An singularity quasi-homogeneous polynomial. 
The 4d N = 2 models of type (An, Am) were obtained in [1] by geometric engineering of the
Type II B superstring on the singular Calabi–Yau hypersurface of C4 defined as the zero locus of 
the polynomial1
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1 In [1] the more general class of systems (G, G′) for any pair of simple simply-laced Dynkin graphs was studied. The 
3d mirror of the more general (G, G′) models is still unknown.http://dx.doi.org/10.1016/j.nuclphysb.2015.03.017
0550-3213/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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The LHS of Eq. (1) is a quasi-homogeneous polynomial in four variables with weights
q(X1) = 1/h(An) q(X2) = 1/2 q(Y1) = 1/h(Am) q(Y2) = 1/2, (2)
where h(An) = n + 1 is the Coxeter number. As the sum of the weights in Eq. (2) is bigger than 
one, by the criterion of [2], the singularity in Eq. (1) is at a finite distance in CY moduli space, and 
the model defines a honest 4d N = 2 SCFT. Deforming Eq. (1) by lower order terms, we resolve 
the singularity, and the theory flows along its Coulomb branch. The properties and BPS spectra of 
the Coulomb branch of these systems were studied extensively in [1] by 4d/2d worldsheet/target 
correspondence and BPS quivers. The Higgs branch of the moduli space remains mysterious and 
is the subject of the present letter.
By dimensional reduction on a circle, a 4d N = 2 model reduces to a 3d N = 4 system. In 
many cases, the 3d N = 4 theories obtained from strongly-interacting 4d N = 2 superconfor-
mal models in this way are non-lagrangian, but nevertheless have lagrangian 3d mirrors [3,4]. 
The Higgs and Coulomb branches of the infrared moduli spaces of 3d mirror systems are both 
hyper-Kähler and get exchanged under 3d mirror symmetry [5]. Clearly one can use the known 
lagrangian structures to get interesting informations about the non-lagrangian ones, and whether 
some of the information about the 3d N = 4 system can be lifted to the four dimensional one 
is a very interesting question that was answered long time ago [6]: for 3d–4d systems with 8 
supercharges related by dimensional reduction on a circle, the 3d Coulomb branch is an ellip-
tic fibration over the 4d Coulomb moduli, while the 3d and 4d Higgs branches coincide. The 
Coulomb branch of its lagrangian 3d mirror, therefore, equals, as a hyper-Kähler manifold, the 
Higgs branch of the parent 4d N = 2 non-lagrangian system.
Indeed, the 3d N = 4 mirrors of some of the dimensionally reduced (An, Am) models were 
found in [7] and turn out to be lagrangian 3d N = 4 systems.2 When h(An) divides h(Am) 3d 
mirrors are known: In Section 2, we show that in this case the (An, Am) systems can have a 
non-trivial flavor symmetry, and therefore the existence of a 3d N = 4 mirror is expected. The 
(An, Am) systems such that h(An) divides h(Am) are the 4d N = 2 models that we consider in 
this paper, and we find convenient to introduce the following notation for this subclass
As,p ≡ (As,A(s+1)p−1) (3)
The rank of the flavor group for such a system is s. The 3d N = 4 mirror of a system of type 
As,p , is an abelian N = 4 quiver gauge theory. The underling graph has s + 1 nodes and p edges 
in between each pair of nodes — see Fig. 1. To each node corresponds a U(1) gauge group, while 
edges denote as usual charged bifundamental N = 4 hypermultiplets. By abuse of notation, we 
are going to denote these graphs with the symbol As,p too.3 The graph As,1 is known as the 
complete graph of type Ks+1 in graph theory.
The 4d Higgs branch of the As,p system, is determined by the Coulomb branch of its 3d 
mirror. As opposed to the Higgs branch, that has no quantum corrections (hyper-Kähler quo-
tient construction [9]) and is determined classically, the Coulomb branch of a 3d N = 4 system 
receives both perturbative 1-loop corrections, and infinitely many non-perturbative instantonic
2 The result heavily builds on previous work on Hitchin systems in [8].
3 Beware! The graph As,p has s + 1 nodes! Indeed, there is an overall U(1) which decouples, and the gauge group is 
U(1)s+1/U(1).
M. Del Zotto, A. Hanany / Nuclear Physics B 894 (2015) 439–455 441Fig. 1. Some of the quivers for the 3d N = 4 mirrors of the models of type As,p : s is the number indicated under the 
quivers, and each edge has multiplicity p. Notice that these graphs are all Ss+1 symmetric under permutation of the 
nodes, and that removing one node maps the 3d As,p quiver into the As−1,p one.
corrections. Even if the model is lagrangian, it seems hopeless to be able to compute it for the 
quiver theories in Fig. 1. Very recently, however, a novel approach to the characterization of the 
Coulomb branch of a 3d N = 4 system was proposed in [10]. The essential idea is that the quan-
tum corrections to the Coulomb branch can be characterized in terms of GNO dual [11] BPS 
monopole operators.4 In Ref. [10] a general formula for Hilbert series of the Coulomb branch 
of a 3d N = 4 unitary theory is derived. Such Hilbert series enumerates gauge invariant opera-
tors modulo chiral ring relations, and is expressed only in terms of the BPS monopole operator 
charges suitably ‘dressed’ to keep track of the residual classical gauge degrees of freedom. The 
algebraic structure of the Coulomb branch of the 3d mirrors of As,p models is captured by the 
plethystic logarithm of the Hilbert series of [10]. Even if the approach does not allow one to 
compute the exact quantum corrected hyper-Kähler metric on the Coulomb branch, in some cir-
cumstances it is powerful enough to predict explicitly the structure of the full quantum moduli 
space as an algebraic variety. Using this method we will study the 4d Higgs branches of the ele-
ments of the As,p class for s = 1, 2, 3 and arbitrary p, and completely determine their structures 
as algebraic varieties.5
The rest of the paper is organized as follows: in Section 2 we compute the rank of the flavor 
symmetry group of a model of type (An, Am); in Section 3 we give a brief review about Hilbert 
series and plethysm; in Section 4 we specialize the general formula of [10] to our case, and 
discuss some universal features of the Higgs branches of the class of models As,p; we conclude 
by computing explicitly the Hilbert series of the models of type As,p, for s = 1, 2, 3, and by 
determining the algebraic structure of the corresponding Higgs branches.
2. The rank of the flavor group of the (An, Am) models
The models (An, Am) have, by construction, the BPS quiver property [1,14]. For four-
dimensional N = 2 theories with BPS quivers the rank of their global symmetry group is 
determined by 4d/2d target/worldsheet correspondence with the same method used in [15–18]. 
4 Notice that all the theories that we are going to consider satisfy the unitarity bound  ≥ 1/2 of [12].
5 The Hilbert series of the Higgs branch of a 4d N = 2 model corresponds, under favorable circumstances, to the Hall–
Littlewood limit of the superconformal index [13], the latter being unknown even for the simpler ADE Argyres–Douglas 
systems.
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plectic structure induced by the Dirac electromagnetic antisymmetric pairing. By definition, the 
flavor charges of  belongs to the radical of the Dirac pairing, i.e. if we denote by B the integer 
antisymmetric matrix associated to the Dirac pairing, the rank of the flavor group is equal to the 
dimension of the kernel of B . By 4d/2d correspondence, to any 4d N = 2 theory corresponds 
a parent 2d (2, 2) model with cˆ < 2 that has the same BPS quiver. Let us denote by S the t t∗
Stokes matrix of the 2d (2, 2) model [19]. We have
B = St − S. (4)
If f ∈  is a flavor charge, Bf = 0, and therefore the rank of the flavor group equals the number 
of +1 eigenvalues of the matrix (S−1)tS, i.e. the 2d monodromy matrix of [19]. One of the main 
properties of the 2d monodromy matrix is that
Eigenvalues (St )−1S = {exp(2πi qRR()),  ∈R} (5)
where R is the chiral ring of primary operators of the 2d model and qRR denotes Ramond–
Ramond charge. For a model of LG type with quasi-homogeneous superpotential λW(Xi) =
W(λqiXi), the chiral ring R is given by the Jacobian ideal C[Xi]/∂XiW [20]. The RR charge 
in this case is simply qRR = q − cˆ/2, by the spectral flow isomorphism [20]. Consider now the 
2d model with superpotential An(X1, X2) + Am(Y1, Y2): being a direct sum, the Hilbert space 
is a tensor product, and the corresponding Stokes matrix factorizes as S = Sn ⊗ Sm, where Sn
is the Stokes matrix of the An LG model. The chiral ring R of the model An(X1, X2) is easily 
determined: it is given by {(X1)k}n−1k=0, while cˆ = 1 − 2/(n + 1) (see e.g. [21]). Therefore the RR 
charges for the An model are:
2(k + 1)− (n + 1)
2(n + 1) k = 0, · · · , n − 1. (6)
This is enough to determine the RR charges of Eq. (5) for the direct sum model: we obtain
2(k + 1)− (n + 1)
2(n + 1) +
2( + 1)− (m+ 1)
2(m+ 1) =
k + 1
n+ 1 +
+ 1
m+ 1 − 1 (7)
where k = 0, . . . , n −1, and  = 0, . . . , m −1. The rank of the flavor group is given by the number 
of +1 eigenvalues of the 2d monodromy in Eq. (5), in this case this number is precisely given by 
the number of solutions to the following equations:
k
n+ 1 +

m+ 1 ∈ Z
k = 1, . . . , n
 = 1, . . . ,m (8)
Since (An, Am) and (Am, An) denote the same theory by definition, let us choose n ≤ m. Then 
Eq. (8) has precisely gcd[h(An), h(Am)] − 1 solutions. This shows that the rank of the flavor 
group of the As,p model is s. It would be interesting to study the Higgs branches of the other 
models that have a nontrivial flavor symmetry: we leave this for future work [22].
3. 3d Coulomb branches, and Hilbert series plethysm
To fix notation, let us summarize briefly here the findings of [10,23]. For a 3d N = 4 system 
there are 2 types of supermultiplets: the vectormultiplet (consisting of a gauge field and 3 real 
scalars + fermions), and the hypermultiplet (consisting of 4 real scalars + fermions). Giving 
non-zero vevs (only) to the vectormultiplets (resp. hypermultiplets) we obtain the Coulomb (resp. 
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already mentioned in the introduction, while the Higgs branch is exact classically, the Coulomb 
branch receives all sorts of quantum corrections. Recall that the vectors in 3d are dual to scalars. 
The bosonic part of an abelian vectormultiplet is equivalently characterized in terms of 4 real 
scalars. Instead of working in the field basis defined by the modes of these 4 real scalars, we group 
two of them in a complex N = 2 scalar, φ, and replace the modes associated to the other two 
fields by their electro-magnetic dual monopole operator counterparts [24,25]. This construction 
fixes implicitly an N = 2 subalgebra of the 3d N = 4 algebra by the choice for the field φ. The 
BPS monopole operators and the modes of the field φ generate the N = 2 chiral ring of the model 
on its Coulomb branch. The Hilbert series of the Coulomb branch, is essentially, the Poincaré 
series of the chiral ring, where each chiral operator is weighted in terms of its IR conformal 
dimension . Notice that the complex adjoint scalar φ is not canonically normalized: (φ) = 1.6
Each monopole operator is characterized by r topological GNO magnetic charges (m1, . . . , mr), 
where r is the rank of the gauge group [11]: these charges determine the IR conformal dimensions 
of the monopole operator. The structure of the Hilbert series is roughly the following
H =
∑
chiral ring
t (9)
All the theories that we are going to consider in this work are abelian: this is a great simplification. 
For abelian theories there are no constraints on the possible GNO topological charges, these are 
simply integer valued. Moreover, φ is simply a complex scalar in this case, and therefore its 
contribution can be easily factored out in terms of a dressing factor given by (1 − t)−r . Then we 
can write the Hilbert series in a form that is more concrete
H(t) = 1
(1 − t)r
∑
m1,...,mr∈Z
t(m1,...,mr ) (10)
where the sum is taken over all charges of all BPS monopole operators, weighted by the appro-
priate dimension. Such a series can be refined by introducing fugacities for the magnetic charges 
as follows
H(t ; z1, . . . , zr ) = 1
(1 − t)r
∑
m1,...,mr∈Z
t(m1,...,mr )
r∏
i=1
(zi)
mi . (11)
The relations of the chiral ring of operators are encoded in the multiplicities of the Hilbert series: 
the structure of the Coulomb moduli space as an algebraic variety is encoded in the plethystic 
logarithm of this function, defined as follows:
PL[H(t ; z1, . . . , zr )] ≡
∑
k≥1
μ(k)
Log[H(tk, ; zk1, . . . , zkr )]
k
(12)
where μ(k) is the Möbius function. Here are some of its fundamental properties [23]:
• If the moduli space is a complete intersection variety the plethystic logarithm of the Hilbert 
series is a polynomial of finite degree, if not the plethystic Log grows indefinitely;
6 As opposed to the usual case: in 3d scalars have  = 1/2.
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• Multiplicities and charges of the generators of the chiral ring appears in the expansion of the 
plethystic logarithm as positive contributions;
• Relations in between operators of given charges (defining the algebraic structure of the mod-
uli) are encoded in the negative contributions to the plethystic Log.
Clearly, if the moduli space is not a complete intersection variety the plethystic Log is a series too. 
However, most of the negative contributions are redundant: these represent Hilbert syzygies in 
between relations. Typically, the moduli space is captured by the content of the first few negative 
contributions of the plethystic Log expansion.
In particular, the dimension of the moduli space is captured by the order of the pole of the 
Hilbert series at t = 1.
4. The refined Hilbert series for the As,p models
Consider the graph of type As,p we have defined in the introduction. For the study of the 
refined Hilbert series of the Coulomb branch of these models, it is very useful to introduce 
another class of models, obtained from the one we are considering by, say, ‘adding flavors’. 
Let Aks,p be the graph obtained from As−1,p by adding k flavors for each node (see Fig. 2 for 
some examples). Each graph Aks,p defines a U(1)s abelian 3d N = 4 theory in the standard way. 
Such a theory has s GNO integer valued magnetic charges, and the IR conformal dimension of a 
BPS monopole operator is (see e.g. [12]):
(m1, . . . ,ms) ≡ p2
⎛
⎝ ∑
1≤a<b≤s
| ma − mb |
⎞
⎠+ k
2
⎛
⎝ s∑
j=1
| mj |
⎞
⎠ . (13)
This definition is motivated by the fact that the graph Aps,p captures the physics of the 3d mirrors 
of the 4d systems of type As,p: Indeed, since the graphs As,p are connected, the gauge group 
that corresponds to these systems has a redundant U(1), and getting rid of it we get precisely the 
model Aps,p . To see this, consider the IR conformal dimensions of the BPS monopole operators 
of the system. Since the graph As,p has s + 1 nodes, there are s + 1 GNO magnetic charges 
m1, . . . , ms+1, that are not constrained in any ways, the gauge groups being abelian — i.e. these 
charges are integer valued. Moreover, the abelian nature of the quiver entails that the IR confor-
mal dimension  of a BPS operator is determined directly from the edges of As,p and from its 
GNO charges. We obtain
(m1, . . . ,ms+1) ≡ p2
∑
| ma −mb | (14)
1≤a<b≤s+1
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zero one of them, all choices being equivalent by symmetry. We choose to set to zero ms+1. The 
resulting IR dimension is
(m1, . . . ,ms) = p2
⎛
⎝ ∑
1≤a<b≤s
| ma −mb | +
s∑
j=1
| mj |
⎞
⎠ (15)
That is the charge corresponding to the graph Aps,p . Therefore, we have s classical complex scalar 
operators in the sense of [10], and the dressing factor of the Hilbert series is (1 − t)−s . The same 
dressing factor, of course, is given for the model Aks,p.
Notice that all theories satisfy the unitarity bound  ≥ 1/2.
Having determined the structure of the GNO charges, the IR dimensions of the BPS monopole 
operators, and the dressing factor, the general formula of [10] for the refined Hilbert series of the 
Coulomb branch of the 3d mirrors of the As,p models gives
Hs,p(t ; z1, . . . , zs) ≡ 1
(1 − t)s
∑
m1,...,ms∈Z
t
p
2
(∑
1≤a<b≤s |ma−mb|+
∑s
j=1|mj |
) s∏
k=1
z
mk
k (16)
This formula has the structure
Hs,p(t ; z1, . . . , zs) = (1 − t)−sfs(tp ; z1, . . . , zs) (17)
where fs is a function of s + 1 variables whose structure does not depend on p. Therefore we 
obtain the relation
Hs,p(t ; z1, . . . , zs) =
(
1−tp
1−t
)s
Hs,1(tp ; z1, . . . , zs) (18)
Computing Hs,1(t ; z1, . . . , zs) for a given s fixes all the refined Hilbert series for all the elements 
of the family As,p with the same s and higher p’s: The combinatorics of the Hilbert series of 
these models is all encoded in the complete graph Ks , dressed with flavors, one per each node.
4.1. Rewriting the Hilbert series Hs,1(t ; z1, . . . , zs)
Let us denote by H(k)s (t ; z1, . . . , zs) the refined Hilbert series associated to the graph Aks,1. 
Notice that, getting rid of the redundant U(1) in the gauge group, we have the identity Hs,1 =
H
(1)
s . The function H(k)s (t ; z1, . . . , zs) being a symmetric function of all of the zi’s has the fol-
lowing structure (the constant term is one: this is the contribution form the identity operator in 
the N = 2 chiral ring)
H(k)s (t ; z1, . . . , zs) =
1
(1 − t)s
(
1 +
s∑
i=1
g
(1)
k,s (t, zi)+
∑
1≤i1<i2≤s
g
(2)
k,s (t, zi1 , zi2)+ · · ·
· · · +
∑
1≤i1<i2<···<is−1≤s
g
(s−1)
k,s (t, zi1 , . . . , zis−1)+ g(s)k,s(t, z1, . . . , zs)
)
(19)
where the g(n)k,s are symmetric functions of their n zi ’s variables; these functions have a clear phys-
ical meaning: the g(n)(t; zi , . . . , zin) function represent the contribution to the refined Hilbert k,s 1
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tions g(s)k,s(t ; z1, . . . , zs) play a special rôle, being equal to the contribution from the sector with 
all non-vanishing magnetic charges. It is natural to define
h
(s)
k (t ; z1, . . . , zs) ≡ g(s)k,s(t ; z1, . . . , zs) (20)
From the structure of the graphs Aks,1 and of the IR conformal dimensions Eq. (13), it is clear 
that
g
(n)
k,s (t; zi1, . . . , zin) = h(n)k+s−n(t; zi1, . . . , zin), (21)
i.e., each of these contribution can be accounted effectively as coming from a parent graph, 
obtained by treating as flavor nodes all the nodes associated to a zero magnetic charge. Applying 
this reasoning to the Hilbert series for the As,1 systems (k = 1 case above), we obtain
Hs,1(t ; z1, . . . , zs) = 1
(1 − t)s
(
1 +
s∑
i=1
h(1)s (t ; zi)+
∑
1≤i1<i2≤s
h
(2)
s−1(t, zi1 , zi2)+ · · ·
· · · +
∑
1≤i1<i2<···<is−1≤s
h
(s−1)
2 (t, zi1 , . . . , zis−1)+ h(s)1 (t, z1, . . . , zs)
)
(22)
In particular, the unrefined Hilbert series reads
Hs,1(t) = 1
(1 − t)s
(
1 +
s∑
j=1
(
s
j
)
h
(j)
s−j+1(t)
)
(23)
These obvious remarks greatly simplify the computation of the Hilbert series for the family of 
models As,1. Notice that the refined Hilbert series of the model As,p is completely captured by 
the h(n)k functions, that are, in a sense, fixed by the complete graph Kn.
As an application of the method we discussed, we are going to evaluate below the refined 
Hilbert series for the models As,p for s = 1, 2, 3.
4.2. The case of A2p−1 Argyres–Douglas theory
An Argyres–Douglas theories are identified with the elements (A1, An) of the series. Models 
A1,p , corresponds to A2p−1 Argyres–Douglas theories. If this is the case, the 4d N = 2 Higgs 
branch is known to be C2/Zp [26]. Our result of Section 2 reproduces the known fact that A2k
Argyres–Douglas theories do not have a Higgs branch. The 3d N = 4 mirror of the models A1,p
is simply
p (24)
Getting rid of the redundant U(1) factor, this system is equivalent to U(1) coupled to p funda-
mentals
p (25)
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result using the formulas of [10]. The dimension is
 = p
2
|m| (26)
The function h(1)p (t ; z) is given by the sum of the series
h(1)p (t ; z) =
∑
m>0
(zm + z−m)t p2 m = t
p
2 (z2 − 2 t p2 z + 1)
z(1 − z t p2 )(1 − 1
z
t
p
2 )
(27)
The dressing factor is (1 − t)−1 from the U(1) gauge group. The resulting refined series for 
p = 1 is
H1,1(t ; z) ≡ 11 − t
(
1 + h(1)1 (t ; z)
)
= 1
(1 − z t 12 )(1 − 1
z
t
1
2 )
, (28)
consistent with the observation that the Coulomb branch of the 3d N = 4 model of U(1) with 
one flavor is C2. For p > 1, we have, from Eq. (18)
H1,p(t ; z) =
(
1 − tp
1 − t
)
1
(1 − z t p2 )(1 − 1
z
t
p
2 )
(29)
In perfect agreement with (3.2) of [10]. Using Eq. (18) the plethystic logarithm of H1,p(t, z) is 
given by
t +
(
z + 1
z
)
tp/2 − tp. (30)
Notice that the plethystic logarithm is a polynomial: this means that the Higgs branch is a com-
plete intersection. In all other cases that we are going to consider, this is not the case. From the 
plethystic Log we see that there is one complex scalar operator with dimension 1, 
, and two 
charged operators in dimension p/2. These are clearly the BPS monopole operators V+1 and its 
PCT conjugate V−1. In dimension p we have one scalar relation. There is only one possible re-
lation we can build in between these objects that has the right properties, namely V+1V−1 = 
p , 
that is precisely the equation of the Ap−1 singularity, C2/Zp .
The refined Hilbert series H1,p(t ; z) can be rewritten in terms of SU(2) characters: One can 
rewrite Eq. (29) as follows7:
H1,p(t ; z) = 1 − t
p
1 − t
∞∑
m=0
[m]tpm/2 (31)
where [m] is the character of the SU(2) representation with Dynkin label m. Increasing p, the 
moduli space develops an orbifold singularity. Let us remark that even though there is an ex-
pansion of H1,p(t ; z) in terms of SU(2) characters, there is no SU(2) flavor symmetry except 
for p = 2. Indeed, if such a symmetry is there, we should find at  = 1 the superpartners of 
7 Here we are using the simple root basis of the charge lattice, as opposed to the fundamental weight basis.
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for p = 2. This is consistent with the fact that A1,2 corresponds to the 4d N = 2 A3 Argyres–
Douglas model, for which the rank two hidden symmetry enhances to SU(2).
4.3. The 4d Higgs branch of A2,p systems
The 3d mirror of the A2,p systems is given by
p
p p
(32)
Notice that in the p = 1 case, this graph reduces to the one for the reduced moduli space of one 
SU(3) instanton on C2, M˜1,3 [5,27,28]. This is precisely the case that we need to analyze. In 
view of Eq. (18), the refined Hilbert series H2,p for p > 1 will be completely determined by the 
value of H2,1. The IR conformal dimensions of the allowed magnetic monopoles are
 = 1
2
(
|m1 − m2| + |m2 − m3| + |m1 − m3|
)
(33)
Using the Z translational symmetry mi → mi + n, we can always set one magnetic charge to be 
zero, and the IR conformal dimension reduces to
(m1,m2) = 12
(
|m1 −m2| + |m2| + |m1|
)
(34)
Indeed, the system is equivalent to
(35)
Notice that the contribution from a sector with one vanishing magnetic charge, say m2 = 0 is 
encoded in the dimension
(m1,0) = |m1| (36)
That is the charge associated to the graph
2 (37)
The dressing that corresponds to the two classical fields given by the two U(1)’s is (1 − t)−2. 
The refined Hilbert series then has the expression
H2,1(t ; z1, z2) = 1
(1 − t)2
(
1 + h(1)2 (t ; z1)+ h(1)2 (t ; z2)+ h(2)1 (t ; z1, z2)
)
(38)
We have only to compute h(2)1 , to obtain the following result
H2,1(t ; z1, z2) =
1 + 2t −
(
1
z1
+ z1 + 1z2 + z2 + 1z1z2 + z1z2
)
t2 + 2t3 + t4
(1 − 1 t)(1 − t z1)(1 − 1 t)(1 − t z2)(1 − 1 t)(1 − t z1z2)
(39)z1 z2 z1z2
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in terms of SU(3) characters8:
H2,1(t ; z1, z2) = PE[[1,1] t] × (1 − (1 + [1,1]) t2 + 2 [1,1] t3 − (1 + [1,1]) t4 + t6)
(40)
Indeed, the whole spectrum factor nicely in the Adjm characters of SU(3):
H2,1(t ; z1, z2) =
∞∑
m=0
[m,m] tm (41)
Consider now the expansion of the plethystic logarithm of the series at the lowest orders: One 
finds the following structure
PL[H2,1(t ; z1, z2)] =
(
2 + 1
z1
+ z1 + 1
z2
+ z2 + 1
z1z2
+ z1z2
)
t
−
(
3 + 1
z1
+ z1 + 1
z2
+ z2 + 1
z1z2
+ z1z2
)
t2 + O(t3) (42)
One can see that the two classical scalars φ1 and φ2, merge together with the six BPS monopole 
operators V1,0, V0,1, V1,1 and their PCT conjugates to form the 8 states of the adjoint repre-
sentation of SU(3): φi represents the element in the Cartan, while the V ’s are in one to one 
correspondence with the roots. Let us call  the SU(3) adjoint representation so obtained. Ac-
cording to the Gaiotto–Witten criterion (see Section 2.4.3 of [12]), the model has an SU(3) flavor 
symmetry because we have a sequence of 2 balanced nodes. At level t2 there is a relation. With 
respect to the SU(3) weights, the relation is in the representation [0, 0] ⊕[1, 1]. There is a unique 
way of getting a relation of dimension 2 compatible with the charges in Eq. (42) and with Bose 
statistics, that preserves the SU(3) flavor symmetry. This fixes the Coulomb moduli space to be
Sym2 
∣∣∣[0,0]⊕[1,1] = 0. (43)
And indeed the structure of the expansion in Eq. (41) confirms that these relations are enough 
to obtain the right multiplicities in the chiral ring. Notice that the corresponding moduli space is 
not a complete intersection, even if we have stopped the expansion of the plethystic logarithm at 
O(t3), it goes on indefinitely. However, the (complex) dimension of the moduli space is captured 
by the order of the highest pole at t = 1 of the unrefined series. The unrefined series is
H2,1(t) = 1 + 4t + t
2
(1 − t)4 =
6
(t − 1)4 +
6
(t − 1)3 +
1
(t − 1)2 (44)
and the complex dimension of the moduli space is 4 as expected.
A 4d explanation of the SU(3) symmetry. The fact that the model A2,1 has an SU(3) flavor 
symmetry is not a mystery from the 4d N = 2 perspective too. This follows from the fact that 
the singular Calabi–Yau hypersurface in this case is
A3(X1,X2)+ A3(Y1, Y2) = X31 + X22 + Y 31 + Y 22 = 0 (45)
8 The same remark of footnote 7 applies here. PE[f (x)] ≡ exp
(∑
n≥1 f (x
n)−f (0))
.n
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by the fact that the two BPS quivers A2  A2 and D4 are mutation equivalent, and therefore, 
describe the same 4d N = 2 model [14]. The enhancement of the flavor symmetry to SU(3) in 
this case follows if one identifies the SU(3) Weyl group action on the charge lattice with the D4
triality group. In a sense, our result completes what was obtained about this model in Ref. [26].
The p > 1 case. Let us consider the refined Hilbert series for p > 1. From Eq. (18), we obtain
H2,p(t ; z1, z2) =
(
1 − tp
1 − t
)2 ∞∑
m=0
[m,m] tmp (46)
Again, let us consider the plethystic logarithm of it:
PL[H2,p(t ; z1, z2)] = 2t +
(
1
z1
+ z1 + 1
z2
+ z2 + 1
z1z2
+ z1z2
)
tp
−
(
3 + 1
z1
+ z1 + 1
z2
+ z2 + 1
z1z2
+ z1z2
)
t2p + higher orders (47)
as one can easily see, we have the two classical scalars φ1 and φ2 with dimension 1, the six 
monopole operators V1,0, V0,1, V1,1, and their PCT conjugates (lifted to dimension p), and a 
relation at dimension 2p (with the same structure of the p = 1 case). Let us stress that from 
this expansion we see that there is no SU(3) symmetry anymore: an SU(3) flavor current would 
correspond to an adjoint representation at  = 1, this is there in the p = 1 case, but it disappears 
here. This is consistent with the Gaiotto–Witten criterion: indeed from this criterion the flavor 
symmetry is U(1) × U(1). From the Hilbert series we can compute the dimension of moduli 
space, indeed, the unrefined series is such that
H2,p(t) = 1 + 4t
p + t2p
(1 − t)2(1 − tp)2 ∼
6
p2(t − 1)4 as t → 1 (48)
and the complex dimension of the moduli space is 4.
Remark. The model A2,2 corresponds to the BPS quiver A2  A5, in the mutation class for 
the E(1,1)8 exceptional SCFT [14]. This is one of the 11 exceptional models that does not have a 
known Gaiotto curve, while having a gauge group SU(2) and being complete in the sense of [14]. 
This model in four dimensions corresponds to an SU(2) SYM sector weakly gauging an SU(2)
subgroup of the flavor symmetry of two Argyres–Douglas systems of type D, namely D5 and 
D3, coupled to a hypermultiplet in the fundamental. As we are going to see in the next section, 
also the E(1,1)7 SCFT belongs to the class of models analyzed in this paper.
4.4. The Higgs branch of the systems of type A3,p
The system of type A3,1 is completely described by the 3d model associated to the graph 
A13,1. The corresponding dimensions are
(m1,m2,m3) = 12
(
|m1 − m2| + |m1 − m3| + |m2 − m3| + |m1| + |m2| + |m3|
)
(49)
9 To see this explicitly, it is sufficient to notice that the operator X1Y 22 has q(X1Y
2
2 ) = 1 and therefore it is an exactly 
marginal deformation for the corresponding 2d N = (2, 2) LG model.
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are computed by h(1)3 (t ; zi) functions, and contributions for sectors with 1 vanishing magnetic 
charge are encoded in h(2)2 (t ; zi, zj ) functions. We are only left with the computation of the 
h
(3)
1 (t ; z1, z2, z3) function. The p = 1 refined Hilbert series, is given by
H3,1(t ; z1, z2, z3) = 1
(1 − t)3
(
1 + h(1)3 (t ; z1)+ h(1)3 (t ; z2)+ h(1)3 (t ; z3)
+ h(2)2 (t ; z1, z2)+ h(2)2 (t ; z2, z3)+ h(2)2 (t ; z1, z3)
+ h(3)1 (t ; z1, z2, z3)
)
(50)
In this case however, the explicit expression of the refined Hilbert series is rather involved, and 
we prefer to write down only the unrefined Hilbert series, that is
H3,1(t) = 1
(t − 1)3
1 − t 12 + t + 5t 32 + 5t3 + t 72 − t4 + t 92
(t
1
2 − 1)3(1 + t)(1 + t 12 + t)2
(51)
This can be rewritten in the following form
H3,1(t) = 1 − t
1
2 + t + 5t 32 + 5t3 + t 72 − t4 + t 92
(1 − t 12 )(1 − t)2(1 − t 32 )2(1 − t2)
(52)
In particular notice that
H3,1(t) ∼ 163(1 − t)6 as t → 1 (53)
therefore, the moduli space has complex dimension 6 as expected. As before the plethystic log-
arithm has no finite order, and therefore the space is not a complete intersection. The first terms 
in the expansion of the plethystic logarithm of the refined Hilbert series are the following
PL[H3,1(t ; z1, z2, z3)] = 3 t +
( 1
z1
+ z1 + 1
z2
+ z2 + 1
z3
+ z3 + 1
z1z2z3
+ z1z2z3
)
t
3
2
+
( 1
z1z2
+ z1z2 + 1
z1z3
+ z1z3 + 1
z2z3
+ z2z3
)
t2
−
(
4 + 2
z1z2
+ 2z1z2 + 2
z1z3
+ 2z1z3 + 2
z2z3
+ 2z2z3
)
t3
+ . . . (54)
We see that there are:
• 3 scalar operators with dimension  = 1 (the 3 classical φi i = 1, 2, 3 associated to the 3 
U(1)’s);
• 8 scalar operators with dimension  = 3/2 (the monopole operators V1,0,0, V0,1,0, V0,0,1, 
V1,1,1, and their PCT conjugates);
• 6 scalar operators with dimension  = 2 (the monopole operators V1,1,0, V1,0,1, V0,1,1);
• 16 relations in between them with dimension  = 3.
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Of course, the algebraic variety we are considering is not a complete intersection, in between 
the first 16 relations there are going to be syzygies. However, these should be enough to com-
pletely determine the moduli space as an algebraic variety. The structure of the relations are 
easily guessed using the S3 symmetry of the problem:
V1,0,0V0,1,0 = V1,1,0 × scalars V−1,0,0V1,1,1 = V0,1,1 × scalars
V1,0,0V−1,0,0 = scalars V1,1,1V−1,−1,−1 = scalars
+S3 symmetric permutations
+PCT conjugates (55)
The plethystic Log of the refined Hilbert series, however, is not powerful enough to constrain the 
structure of the scalar contributions.
For this special case, however, the problem can be overcome. The graph A13,1 is drawn in 
Fig. 3 together with the system of NS5–D5–D3 branes that engineers the corresponding theory. 
Mirror symmetry at the level of the brane system switches NS5 branes with D5 branes: one can 
easily convince himself that the system is self-mirror!! From this fact it follows that the Higgs 
branch of the 4d N = 2 model A3,1 can be identified with the one of the A13,1 model. Let us 
determine it.
The quiver relevant for determining the Higgs branch is the following
Q1 Q2

1
Q˜1 H3
H˜2
H˜3
Q˜2
H1

2
H2
H˜1
Q˜3

3
Q3
(56)
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F-terms are (here and always below i = 1, 2, 3 and is taken mod 3):
Mi = Li+1 +Li+2 (57)
The gauge invariant operators with  ≤ 2 are described below
 Operator Symbol
1 HiH˜i Li
3/2 QiHi+2Q˜i+1 Ai
3/2 H1H2H3 W
2 QiHi−1HiQ˜i−1 Bi
One can easily verify that the only relations that these operators satisfy at  = 3 are the 
following ones
AiAi+1 = Bi (Li+2 +Li+3) and PCT conjugate
AiW˜ = B˜i+1 Li+2 and PCT conjugate
WW˜ = L1 L2 L3
AiA˜i = (Li+1 +Li+2)(Li +Li+2)Li+2 (58)
where again i is taken mod 3. These relations clearly matches the plethystic Log of the refined 
Hilbert series, if we identify
V1,0,0 = A1 V0,1,0 = A2 V0,0,1 = A3
V1,1,0 = B1 V0,1,1 = B2 V1,0,1 = B3
V1,1,1 = W (59)
Exceptional E(1,1)7 complete SCFT. The model A3,1 has BPS quiver in the mutation class of 
A3A3: this mutation class corresponds to the exceptional complete theory E(1,1)7 . This is a very 
interesting N = 2 SCFT: as its higher rank cousin we have discussed in the remark at the end 
of the previous section, this system belongs to the set of the 11 exceptional 4d N = 2 complete 
models, and it describes an SU(2) SYM sector weakly gauging an SU(2) subgroup of the flavor 
symmetry of two Argyres–Douglas systems of type D4 together with a quark in the fundamental.
Comments about the p > 1 case. For p > 1, we have from Eq. (18)
H3,p(t) = 1
(1 − t)3
1 − t p2 + tp + 5t 3p2 + 5t3p + t 7p2 − t4p + t 9p2
(t
p
2 − 1)3(1 + tp)(1 + t p2 + tp)2
(60)
or, alternatively
H3,p(t) =
(
1 − tp
1 − t
)3 1 − t p2 + tp + 5t 3p2 + 5t3p + t 7p2 − t4p + t 9p2
(1 − t p2 )(1 − tp)2(1 − t 3p2 )2(1 − t2p)
(61)
where again we write only our expression for H3,p(t) for brevity. This is enough to check that
H3,p(t) ∼ 163 6 for t → 1 (62)3p (1 − t)
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The plethystic logarithm for p > 1 has the same structure of the p = 1 case: we obtain
PL[H3,p(t ; z1, z2, z3)] = 3 t +
( 1
z1
+ z1 + 1
z2
+ z2 + 1
z3
+ z3 + 1
z1z2z3
+ z1z2z3
)
t
3p
2
+
( 1
z1z2
+ z1z2 + 1
z1z3
+ z1z3 + 1
z2z3
+ z2z3
)
t2p
−
(
4 + 2
z1z2
+ 2z1z2 + 2
z1z3
+ 2z1z3 + 2
z2z3
+ 2z2z3
)
t3p
+ . . . (63)
The monopole operators are lifted in dimensions 3p/2 and 2p, while the relation involves di-
mension 3p operators.
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